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Theorem. The list of projective threefolds with a holomorphic conformal structure is as follows:
1.) Q 3 ; 2.)étale quotients of abelian threefolds; 3.) threefolds with universal covering space the threedimensional Lie ball D
IV

.
We denote here by D IV 3 the bounded symmetric domain dual to the threedimensional hyperquadric Q 3 . The above three types of manifolds are Kähler-Einstein; they all carry a flat holomorphic conformal structure in a canonical way (see §1). As in the surface case we have Corollary 1. In projective dimension three, any holomorphic conformal structure is flat, i.e., comes from a quadric structure.
A classical result identifies the threedimensional hyperquadric Q 3 with the Lagrangian Grassmannian parametrizing isotropic 2-planes of a non degenerate skew symmetric bilinear form of rank four. As a consequence, T Q3 is the symmetric square of a rank two vector bundle, and we get Here of course E is some rank two vector bundle and L ∈ Pic(M ).
In the proof of the Theorem, Mori theory and elementary results from VHS are our main tools. The restriction to the projective case is owed to the fact that Mori Theory is yet only sufficiently settled for projective manifolds. The main Theorem together with [JR] give a complete answer to the questions concerning manifolds modeled after hermitian symmetric spaces raised by Kobayashi and Ochiai in projective dimension three.
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Preliminaries
We work over the complex numbers C. A manifold always is a compact connected holomorphic complex manifold. We will usually assume M is Kähler.
1.1. Manifolds modeled after Hyperquadrics. (cf. [KW] ) Let Q n be the hyperquadric in P n+1 (C). In the sequel, we will usually think of Q n as the zero set of
. Think of O(n + 2) as the group of biholomorphic automorphisms of Q n . A quadric structure is defined as follows.
Let M be a complex manifold of dimension n and {U α ; z 1 α , . . . , z n α } α∈I a holomorphic atlas of M . M is said to have a quadric structure, if each U α can be embedded into Q n , such that the transition function is given by the restriction of a map in O(n + 2). Examples of manifolds with a quadric structure are 1.) Q n ; 2.)étale quotients of abelian varieties; 3.) n-folds with universal covering space D IV n , the n-dimensional Lie ball. Recall that the n-dimensional Lie ball is the noncompact dual of the irreducible hermitian symmetric space Q n , (n ≥ 3) ( [H] ). In adopted coordinates
and the embedding into Q n is given by
The above list of three examples will be refered to as the list of standard examples.
Kobayashi and Ochiai (following Chern, cf. [KN] ) introduced the concept of manifolds modeled after arbitrary hermitian symmetric spaces. There always is a corresponding infinitesimal notion.
1.2. Holomorphic Conformal Structures. (cf. [KW] ) The infinitesimal notion to quadric structure is that of a holomorphic conformal structure. A holomorphic conformal structure is a special principal subbundle of the holomorphic frame bundle. The following definition is equivalent. 
If M carries a quadric structure, then it carries a holomorphic conformal structure. On Q n , in homogeneous coordinates as above, the form is given by
). The form is G ≃ O(n + 2) invariant, pulling it back chart-wise we see that a manifold with a quadric structure indeed carries a holomorphic conformal structure. Holomorphic conformal structures on manifolds carrying a quadric structure are called flat.
From now on assume M carries a holomorphic conformal structure, n = dim M . Since ω is non degenerate, it induces an isomorphism 1.) Q 2 = P 1 × P 1 ; 2.) a ruled surface over a curve C of genus ≥ 1 such that the covering transformations ofC × P 1 respect the natural quadric structure onC × P 1 ; 3.) a torus, a bielliptic surface or an elliptic surface with even b 1 and c 2 1 = 0 = c 2 ; 4.) a surface covered by the bidisc; 5.) an Inoue surface S U (see [I] ); 6.) a Hopf surface C 2 * /Γ, where Γ contains only transformations of the form
Any of these surfaces does already admit a quadric structure.
A surface carries a holomorphic conformal structure if and only if the tangent bundle, after some finiteétale cover, splits as a sum of two line bundles. Indeed, ω induces a multiple section of
Depending on whether this section is irreducible or not, the tangent bundle of M itself or of anétale 2:1-cover of M splits (alternatively notice SO(2) ≃ C * ). In arbitrary dimensions, the following is known:
1.3. Theorem [Kobayashi-Ochiai] . The list of Kähler-Einstein manifolds with a holomorphic conformal structure is the list of standard examples.
1.4. Theorem [Ye] . If M is a projective manifold with a holomorphic conformal structure of dimension n ≥ 3 and K M is not nef, then M is the hyperquadric.
In the case of a Fano manifold of odd dimension, this is just Kobayashi and Ochiai's criterion of hyperquadrics. For uniruled manifolds see also [HM] .
Holomorphic Conformal Strutures and Atiyah Classes
We first recall the basic definition (cf. [A] 
The Atiyah class of E is the splitting obstruction of the first jet sequence
, it is the image of id E under the first connecting morphism
, where Θ h denotes the canonical curvature of E with respect to a hermitian metric h on E. In particular, the trace of the Atiyah class is
times the Atiyah class of E, then the trace of a(E) is c 1 (E), which makes this definition convenient for our purposes. In local coordinates, a(E) is the class of theČhech cocycle a(E) αβ ∈ C 1 (U, End(E) ⊗ Ω 1 M ), where
See [A] for the functorial behavior of a(E) under pull-back, tensor products and direct sums.
2.2. The Atiyah Class of Ω 1 M . Now let M again be a compact Kähler manifold carrying a holomorphic conformal structure. The form
The tensor product of ω and
.
1 After refinement, we will assume that Uα 1 ∩ · · ·∩ Uα k are all Stein without further mentioning it.
Any class
. We claim 2.1. Proposition. If M is a compact Kähler manifold of dimension n with a holomorphic conformal structure, then the identity
The formula is in fact just a reformulation of standard formulas from conformal geometry (see [KW] , 4.3.).
Proof. Viewing ω as a tensor, but omitting the tensor symbol, we may write on every holomorphic chart
, representing the line bundle L. By (1.1.1) we may assume f n αβ = (det
The claim of the Proposition, the formula multiplied by 2πi, is that there exists a solution to the cocycle ξ ∈ C 1 (M,
A direct computation shows that a solution is given by
i.e., the coboundary of ζ is ξ. Note that both tensors are indeed symmetric.
Abundant Manifolds
Ye's result reduces the study of projective manifolds carrying a holomorphic conformal structure to those where K M is nef. The manifold is called minimal in this case. It is called abundant (or rather K M is called abundant), if |mK M | is spanned for some m ≫ 0. The induced map
after Stein factorization is called the Iitaka fibration. If M is abundant, then it is minimal. It is a conjecture that the convers holds as well. The conjecture is known to be true for dim M ≤ 3.
Proposition. Let M be a projective (or Kähler) abundant manifold with a holomorphic conformal structure. Let Z be a smooth Kähler manifold, admitting a map
, before applying the differential dg to the last factor. Using the description of Ω 1 M , we obtain (3.1.1)
The last summand needs some explanation. We denote by dg(ω) the image of g * ω under
The second factor is obtained by viewing
, and by applying it to g * c 1 (
. It is then clear that the first two summands in (3.1.1) are zero. It is now also clear that
. Then also the third summand vanishes and we conclude a(g * Ω 1 M ) = 0.
Corollary. None of the fibres of f contains a rational curve.
Proof. Assume that g : P 1 (C) → M is a nontrivial map into some fibre of f . The proposition says a(g
Corollary. The Iitaka fibration is equidimensional and the general fibre is covered by a torus.
Proof. By a result of Kawamata, since −K M is f -nef, any fibre of f , whose dimension exceeds the dimension of the general fibre, is covered by rational curves. Corollary 3.2 implies that f is equidimensional.
Let F be the general fibre of f . We have the exact sequence
The proposition gives a(T M | F ) = 0, implying that all the Chern classes of
, all the Chern classes of N F/M are zero. Hence c i (T F ) = 0 for all i. Then F is covered by a torus. 3.5. Remark. Abundant Kähler surfaces with holomorphic conformal structure in Kobayashi and Ochiai's list are tori, bielliptic surfaces, elliptic surfaces with c 2 1 = c 2 = 0 and surfaces covered by the bidisc. In all of these cases, the above results can be seen immediately.
In the case of a torus or bielliptic surface, f maps to a point. For an elliptic surface, f goes to a curve, and c 2 = 0 implies the only singular fibres are multiples of smooth fibres ( [K] ). In the case of a surface covered by the bidisc, f is an embedding.
Proof of the Main Theorem -Threefolds
In order to prove the main Theorem, it suffices by Theorem 1.4 to study minimal projective threefolds M with a holomorphic conformal structure. Then M Proof. Assume to the contrary that M is a minimal threefold, carrying a holomorphic conformal structure, and κ(M ) = 2. Then the Iitaka fibration
is an equidimensional fibration onto a normal surface S. The general fibre of f is a smooth elliptic curve. Corollary 3.2 implies that the j-invariant of the fibration is constant. The only singular fibres (of an elliptic surface swept out by the fibres over a general hyperplane section in S) are of type m I 0 .
First assume that f is an elliptic bundle. Then after a finiteétale cover we may assume that we have the exact sequence 4.2. Iitaka Fibration to a Curve. Now assume that the Iitaka fibration f : M → C goes to a curve. Corollary 3.3 says the central case we have to deal with is a smooth abelian fibration. In the smooth case we have the exact sequence
. This is a rank two vector bundle on C, and f * E 1,0 = Ω 1 M/C . Denote by N 1,0 the kernel of
C . There are Arakelov type inequalities relating the degrees of these bundles. By [VZ] , deg N 1,0 ≤ 0, which is all we need.
Proposition. A (minimal) threefold of Kodaira dimension one does not carry a holomorphic conformal structure.
Proof. Assume to the contrary that M is a minimal threefold with holomorphic conformal structure and κ(M ) = 1. Corollary 3.3 implies that the general fibre F is either abelian or hyperelliptic. None of the fibres of f contains a rational curve. By [O] , Theorem B.1., the only singular fibres of f are multiple fibres.
We first assume that f is smooth. If F is hyperelliptic, we have the so called intermediate Albanese, i.e., the Albanese map of F gives rise to a commutative diagram
′ is a smooth elliptic fibration, which is excluded by Proposition 4.1. If F = A is an abelian surface, then we conclude as follows. From 
Since N 1,0 is seminegative, this is a contradiction.
Hence rk f * Ω 1 M = 3. Then f * Ω M/C = E 1,0 = N 1,0 is flat ( [Kol] , Proposition 4.10) and K M ≡ f * K C (simplest example being X = A × C). From 
